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PRIZE PROBLEMS FOR STUDENTS. 


I. 

On two sides A C and B C of any fxm 
triangle AB C, let any parallelograms | 
ACDE and BCFG be described. | 
Let # D and #' @ produced meet in H; | 
join HC, and through A and B draw 
AL and BM equal and parallel to HC. 

Join Z M. It is required to prove that 

the parallelogram AZ MB on the side | 
AB is equal to the sum of the parallel = 
grams on the sides A Cand BC. 


Show also that the Pythagorean proposition is a particular case 
of this proposition. 


Il. 

The area of a right-angled triangle is equivalent to the rectangle 
of the differences between the radius of the inscribed circle and the 
two shorter sides respectively ; or the rectangle of the segments of 
the hypothenuse made by a perpendicular let fall upon it from the 
centre of the inscribed circle. 
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III. 

The distance between two points A and B isa miles. A person 
starts at A and travels the first day one mth his distance to B; the 
second day he travels back one mth his distance to A; the third 
day he turns and travels one mth his distance to B, and so on. 
How far will he travel in m days, and how far will he be from A? 

IV. 

The volume of any right cone equals the product of its whole 

surface by one third the radius of the inscribed sphere. 


¥, 


One pulley drives another by means of a belt; given the length 
of the belt 7, the diameter D, of the larger pulley, the distance a 
between the centres of the pulleys; to find the diameter d, of the 


smaller pulley. Find also a simple approximate formula for the 
use of machinists. 





REPORT OF THE JUDGES UPON THE SOLUTIONS OF 
THE PRIZE PROBLEMS IN NO. III. VOL. I. 


Tue first Prize is awarded to Asner B. Evans, of the Junior Class 
in Madison University, Hamilton, N. Y. 

The second Prize is awarded to Davi Trowsriver, Perry City, 
Schuyler Co., N. Y. 


PRIZE SOLUTION OF PROBLEM IL. 

“Tn every triangle, the perpendiculars dropped from the angles to the opposite sides 
meet in the same point; the perpendiculars erected to the middle of its sides meet in 
the same point; the lines drawn from the angles to the middle of the opposite sides 
meet in the same point. Prove that these three points are in the same straight line, 
and that their distances apart are in a constant ratio.” 





Let A BC be any triangle; and let J, V, M be the three points. 
Produce B F to W and draw 
C W parallel to AZ; then will 
BM=M W,since BE= EC. 
But the triangles A Mf’ and 
FC W are equal; hence MF 
= FW. Therefore BM:MF 
::2:1. Again the triangle 
ABC is similar to D£F, and 
the homologous sides are as 
2:1. But BI and NF are } 
evidently homologous lines in these two triangles, and are also to 
each other as 2:1. Therefore BM:MF:: BI:NF. But the 
triangles B MIand N MF have the angle MBI= NFM; and 
since the sides containing these equal angles are proportional, these 
two triangles are similar. The sides JM and MJ are therefore in 
constant ratio of 2:1; and since the angle BMI—= NM F, and 
BMF is a straight line, JMN is a straight line also. The addi- 
tional lines in the figure will suggest other ways of demonstrating 
the proposition. 


This solution is by Asner B. Evans, with a slight abridgment. 


PRIZE SOLUTION OF PROBLEM II. 
“ Prove that tan 9° = 5 -+- 1 — 54275.” 
By the simple formulas of Trigonometry we have 
___ tan @ -+- tan 40 _ 2tan2¢0 | _ _2tané 
tan 5 6 = 1 — tan 0 tan 4 6’ tan 46 ——~ I — tan #20? tan 26 1 — tan 70° 


Put tan 6 =z; then 





_ se _ 4x (1—2z’) 
tan 26=>—,, tan 46 = (pti? 


ra 2 (1—2’)*—42°-+-42(1—z2’) J __ Qe 
tan 90 = (7 3) *$— 41a! Ta — 1, when 6 =O. 
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By reduction 
1— 4— 1027+ 102+ 54—v=—0. 
Adding 20 2* — 202° to both members of this equation it becomes 
1— d24+ 107 — 10% +4 5x4 —# = (1 — 2) = 2027 (1—2z). 
Hence, dividing by 1 — x we get 
(1 — x)* = 2027; or (1 —z?= + 22795; 
and readily find that the five roots are 
(1) =] = tan 45°, 
(2) w= 14 \5-+ yep = tan 81", 
(83) w= 14 ys —yopays = tan 9, 
(4) a=1— yi + ys —2y5 = tan (— 27°), 
(5) a=1— ys — ys—2y5 = tan(- 63°). 


The tan 9° is positive and less than unity, and (3) is the only 
root which fulfils these conditions. (2) and (3) are reciprocals, and 
therefore the corresponding arcs are complimentary. The same is 
true of (3) and (4). 

This interesting solution is by Davm Trowzrwcr. The solution 
by E. P. Austin involves the same method, but is less complete. 


PRIZE SOLUTION OF PROBLEM III. 
. e e i aez+d ° . 
“Find the coefficient of 2* in the expansion of ——y (74's) into a series of 


ascending powers of x.” 





ax-—+b le B C 
Ph a 5k 73% = 
_ (AL BAC) P—(A+4B—C)x—(6A—8 B420) 
seas @—1) @ +2) @—3) : 





By the theory of indeterminate coefficients 
A+ B+¢=0,A+4B—¢C=>—a,6A—3 B+ 20=—3 
and these equations give 


a+b _ b—2a _ 8a+5 
see Saw g, Ce 


3 
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Therefore by substitution we get 


ax+b __ a+b 1 b—2a 1 3a-+-b 1 
Exes TXT 30 XT 30 X 7 














Now develop each of the fractions involving z by division, and we 


readily find 
a+b | b—2a b+3a 
i 30.22 #&4«30.3" 





to be the required coefficient ; the sign of the middle term being +- 
when ” is even and — when it is odd. 
This solution is by Asner B. Evans. 


PRIZE SOLUTION OF PROBLEM IV. 
“The equations (1) y= azx-+-a-+-1, (2) y=(a+ 1) 2+ 8, (3) y= b2e+5, 
are equations of straight lines in which a and 6 are positive integers, and the three 
lines all meet in one point. What values can a and 6 have, and what are the corre- 


sponding coérdinates of the common points of the lines?” 


From (1) and (2) «= a-+1— 3, and from (2) and (3) 
(a+ 1—b)2=5—J; and eliminating z from these equations 
we get (a—b+1?—5—4b. Therefore 

ae=—]1 = b+ y¥5 —6; 
which, with the given conditions, can only be satisfied by making 
6 == 1, 4, 6. 
The following sets of corresponding values are easily found: 


b= 1 = a= = 
a=2 6= 46= 
x2 :=— z= 

y= 


4 
4 
1 
g=7 y= 9 


a=x4 
6=5 
zx=0(° 
phen 


For the last set of values lines (2) and (3) coincide. This solu- 
tion is by E. P. Austin. 


PRIZE SOLUTION OF PROBLEM V. 
“When the angle between the coérdinate axes is $; prove that x -+- y— a= zy 
is the equation of a circle, of which the radius is 4 a V3.” 
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Let this equation be transformed to a system of rectangular 
codrdinates, having the same origin and axis of z. The equations 
of transformation from oblique to rectangular codrdinates are (see 


J. M. Perrce’s Analytic Geometry) 


ar + 2 sin (x — 2) — cos (2 — 2) 
sin 4 


— Yo + 2 sin 2 + y, cos 7 
ee sin ¥ ° 





= 





In this case 7 = 0,4—= 42,2, = 0, y, = 0, and thee quations of 
transformation become z = 2, — y;, ¥3, y = 2y, y3. Substituting 
these values of « and y in the square of the given equation, it be- 
comes 
i. + y7— 2a2x, — 2ay, v3 a a — 0; or 
(4 — 4) + (2 —ayil= ia’; 

which is the equation of a circle, of which the codrdinates of the 
centre are 2, = a,y, = a yi, and radius = $}ay3. This solution is 


by Arruur WILKINSON. 
JOSEPH WINLOCK, 
CHAUNCEY WRIGHT, 
TRUMAN HENRY SAFFORD. 





PROPOSITIONS RELATING TO THE RIGHT-ANGLED 
TRIANGLE. 
BY DAVID W. HOYT, 
Adjunct Prof. of Mathematics and Mechanics in the Polytechnic College, Philadelphia. 





1, Pyrnacorean Proposition. This can be demonstrated by prov- 
ing the square described on the hypothenuse, and the sum of the 


squares described on the other two sides, each equal to four times 
the triangle, added to the square of the difference of the two shorter 
sides. In the annexed figure A O and DZ are each made equal to 
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BC. The rectangle ON LD and the square 
BCG F form the rectangle B C P J, which is 
equal to AB MO, or RABC; and LEMN 
is the square of the difference of A B and BC. 
The remainder of the proof is sufficiently evi- 
dent from the figure. 

The above demonstration is deduced from 
the common method of cutting the squares B D and BG into five 
parts, which may be so combined as to form the square AK. This 
division is effected by drawing a line through B, parallel to AC, 
and erecting a perpendicular to A D at its extremity 0. 

2. Having given the hypothenuse, #, and the difference d, of the 
two shorter sides, the area of a right-angled triangle is expressed by 
“>. This is merely a corollary of the preceding demonstration. 

3. Having given the hypothenuse, 4, and the radius of the in- 
scribed circle, r, the area of a right-angled triangle is expressed by 
hr + 7. 

4. The area of a right-angled triangle is equivalent to the rec- 
tangle of the differences between the radius of the inscribed circle 
and the two shorter sides respectively; or the rectangle of the seg- 
ments of the hypothenuse made by a perpendicular let fall upon it 
from the centre of the inscribed circle. 

5. If a straight line be drawn from the vertex of either acute 
angle of a right-angled triangle to the centre of the inscribed circle, 
the square of this line, added to the rectangle of the opposite side 
and the hypothenuse, will be equivalent to the square of the hy- 
pothenuse. 

6. The hypothenuse of a right-angled triangle is to the sum of 
the two lines drawn from the vertices of the two acute angles to the 
centre of the inscribed circle, as the difference of those lines is to 
the difference of the other two sides of the triangle. 
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7. The square of the diameter of a circle inscribed in a right- 
angled triangle is equivalent to twice the rectangle of the differ- 
ences between the diameter and the two shorter sides respectively. 

8. The rectangle of the lines drawn from the vertices of the 
two acute angles of a right-angled triangle to the centre of the 
inscribed circle, is to the rectangle of the hypothenuse and radius, 
as 2 to 1. 


The above propositions can be demonstrated by any one having 
a knowledge of the principles contained in the first four books of 
Lecrnpre. They are given in the hope that they may be of service 
to those teachers who wish to make a practical application of the 
remarks contained in former numbers of this Monthly concerning 
the study of Geometry. The last six theorems are intimately con- 
nected with each other, and with the principle that the sum of the 
hypothenuse and diameter of the inscribed circle is equal to the 
sum of the other two sides. 





PROPOSITIONS RELATING TO A PARTICULAR CONE. 


BY DANIEL KIRKWOOD, LL. D., 
Prof. of Mathematics and Civil Engineering in Indiana University, Bloomington. 


In the fourth number of this Journal Professor SNELL states sev- 
eral curious properties of the cone whose slant height has to the 
radius of its base the ratio of 3 to 1. The following propositions in 
regard to the cone whose slant height is to the radius of its base in 
the ratio of 3 to 1 are equally interesting : 

1. The right cone, whose slant height is to the radius of the base 
as ¥3:1, has greater convex surface than any other cone inscribed in 
the same sphere. 


2. It has greater volume than any other cone inscribed in the same 
sphere. 
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3. Its base divides the circumscribed sphere into two segments 
such that the curve surface of one is ¢wice that of the other. 

4. Its curve surface is to that of the greater segment into which 
its base divides the circumscribed sphere, as the radius of the base is 
to the slant height. 

5. Its volume is equal to that of the sphere, of which its alti- 
tude is the diameter 


6. Its slant height is equal to the base of the greatest parabola 


that can be cut from it. 

7. The area of such maximum parabola is to the curve surface 
of the lower segment of the sphere, as the diameter of a circle is to 
its circumference, or as 1:7. 

8. The curve surface of its greatest inscribed cylinder is to the 
base of such cylinder, as the diagonal of a square is to the side, or as 
y2:1. 

9. Its centre of gravity is the centre of the circumscribed sphere. 

10. Its altitude is to its slant height as /2: y3. 

11. Its altitude is to the diameter of the circumscribed sphere, 
as 2: 3. 

12. Its base is to that of the least cone that can be described 
about its circumscribed sphere, as 2?: 3% 

13. Its volume is to that of the circumscribed sphere, as 2°: 3°. 

14. Its centre of gravity coincides with that of the ast cone 
that can be described about its circumscribed sphere. 





NOTES ON THE THEORY OF PROBABILITIES. 


By Sruon Newcoms, Nautical Almanac Office, Cambridge, Mass. 


9. Tue theorem given in § 8 may be extended to any number of 


independent events. Let there be three events, £,, F,, £;, of which 
VOL. I. 31 
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the respective probabilities are »,, p2, 3. Call p’ the probability of 
the compound event (Z, £,). Then by the theorem the probability 
that this compound event and the event £; will doth occur will be 
P X pPs=i X Po X ps, since p’ = p, X pa. By repeating the 
same process it may be shown that in general if there are n 
events, of which the probabilities are p,, p2, p3..-+ Pa, the proba- 
bility of the concurrence of all these events is the continued product 
Pi X pz X..+++pn- If the p’s are mostly small fractions, and x large, 
this product will be very small. 

10. If the events are not entirely independent, that is, if the 
probability of the second is affected by the occurrence or non-occur- 
rence of the first; then, the probability of the compound event is 
equal to the probability of the first multiplied into the probability 
of the second on the supposition that the first occurs. 

Let ¢ be the whole number of possible cases,—let p of these 
eases be favorable to the first event, and of these p cases let ¢ be 
favorable to the second. The probability that both events will occur 
is then ‘. But 2 is the probability of the first event, and if this 


event occurs, the probability of the second becomes ‘, the product 


of which into 2 gives !, which proves the proposition. 

It may be remarked that this theorem applies also to indepen- 
dent events, and includes that of § 8, the probability of the second 
event being then the same, whether the first event be supposed to 
occur or fail. 

Example. What is the probability that out of a bag which con- 
tains two white and two black balls, a white ball will be drawn at 
the first drawing and a black ball at the second? In this case, if the 
first event occur, the probability of the second will be 2, since two 
out of the three balls remaining will be black. The probability of 
the first event being 4, the probability of the compound event will 
bet X #= 1. 
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11. Conflicting events. When a system of events are so connected 
that one must and only one can occur, they are called a system of con- 
Jucting events. 

The sum of the probabilities of a system of conflicting events is 
equal to unity; since, every separate case being favorable to one of 
them, and to one only, the sum of the numerators of the different 
fractions expressing the probabilities (§ 6) is equal to the common 
denominator. 

12. Value of expectation. Let there be x men, g of whom to be 
determined by lot, are certain of receiving the sum seach. What 
is each man’s chance worth? If each man were to sell out his 
chance, the purchaser should give in all the sum gs which he would 
then be sure of receiving, and since each man’s chance is equal, he 


ought to give each man‘s. But‘ is the probability for each man 
that he will reccive the sum s, and the value of his chance is there- 
fore equal to the sum that he may receive multiplied by the proba- 


bility that he will receive it. 





PROBLEMS IN PROBABILITIES. 


A nas the reputation of telling the truth as often as three times 
in four; B as often as four times in five; and C as often as five 
times in seven. When A and B agree in affirming what C denies, 
what is the probability that A and B tell the truth ?— Communicated 
by Professor Roor. 

A person goes on throwing a common die until he throws an ace; 
at whatever throw this occurs (the uth) he is to receive the nth of a 
dollar. What is the value of his expectation ?— Communicated by 
Asuer B. Evans. 














DEMONSTRATION OF THE PROPOSITIONS RELATING TO 
THE CONE AND SPHERE.* 


BY E. 8. SNELL, 
Prof. of Mathematics in Amherst College, Amherst, Mass. 


1. To find the greatest cone within a given superficies. Let 
x == radius of base, and s= slant height. Then, perimeter of 
base = 2ar; area of base = a7’; convex surface = 77's. 
Therefore the given area 
A=anrt+aurs. -. str: 
and the volume 
—  « 2 Pe A? 2A 4 
v= Fe M= FT Zax F): 
which is to be a maximum. For convenient differentiation, square 
this function, reject the constant factors, and we have A?7* — 2 m Ar4. 
Its differential coefficient 


24r—8rArPr=—0. r= ty. 
a. —_ 2 A . «8. «. 
But s= 2 —r=Srtyi—tyisiyessr. 


, Therefore the slant height equals three times 
the radius of the base. This proves the truth 
of proposition 1. 

2. To. find the cone of least entire surface, 
circumscribing a given sphere. 


Let the figure represent the section of 
the cone and sphere through the axis. 
Let FC = a, and AC =z. Hence, 
AB=a-+2, and AF=(#—@#). AFC 

"and ABG are similar triangles; 





* In No. IV. p. 121, 122. 
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.(2@—@)iv::2¢+a:AG= wos y= slant height. 
.(?@—@)jiaziata:BE= oa = radius of base. 
. 22a (x + a) 


oa = perimeter of base. 


teeta? aa (eta) 


SS = area of base. 
“—a trt—da 





_ «(x-+ a) pg SA EF) coe naz (x -+ a) 


* (2? — a)! ae —- surface. 
, ma («+ st ma (x + a)? 
“  _¢—a r—a xr—a 


to be aminimum. The differential coefficient is 
-_ e (x + a) <9 ee) = 0; and x = 3a. 


(@—a)}? 


Therefore A B = 4a = twice the height of the sphere. Substitut- 





= whole surface, which is 





F . , a(x + a)? 
ing 3a-for x in the expression for surface, ol kDa ) » we have 


82a*. But the surface of the sphere is 4a’; therefore, the entire 
surface of the required cone is ¢wice that of the sphere. Slant 
height : rad. of base ::2:a@::3a@:a::3:1. This cone, therefore, 
has the same formas that in the first demonstration; and thus, 
propositions 2, 4, and 5 are proved. 

3. To find the cone of least volume, circumscribing a given 
sphere. 


2 
As before, area of base = “<EE9 , and height of cone = z +-a. 
2 
Therefore the volume = ae which is to be a minimum. 
This function differs from that for the entire surface, only in having 
the constant factor $a? in place of a. Hence, as before, = 3a. 
This cone is, therefore, identical with that in the second demonstra- 





tion. The volume, oo = one — =in(2a). But the 


volume of the sphere = }2(2a)'; therefore, the volume of the 





cone is ¢wice that of the inscribed sphere. Thus have been proved 
propositions 3 and 6. 

4. To find in what ratio the spheric surface is divided by the 
circle of contact. 

A C has been proved equal to 30 F. But, AC:CF:: CF: EC 
::3:1; therefore BL: #D::34+1:53—1::2:1; and the sur- 
faces, F BH: FD H:: 2:13; which is proposition 7. 

5. Proposition 8 was accidentally stated wrong; it should have 
been, “The surface of the inscribed sphere is twice the area of the 
base of the cone.” To prove it, we have only to compare the ex- 
pressions for the two in the second demonstration. 


The area of the base = i Te = 22a". But the surface of 


the sphere = 4 2 a’, or twice the base of the cone. 


Remark. Instead of eliminating s from the volume, as Professor 
Snett has done, we may prove proposition 1 as follows: 
Since the whole surface = a7? -+ ars = constant, and the 


volume = = (s* — r*)! = maximum, the derivatives of both func- 


tions must equal zero. Removing constant factors and radicals for 
convenience, we have 


7 + rs = constant, 
7 3 — 7* = maximum. 


2r+s+7D,s=0, 
47°32 1 274s D,s —6r° = 0. 
Eliminating D,s from these equations, we obtain 
#—2sr—3r=—0; 
and, therefore, s = 37, or — 7; one root corresponding to a maxi- 
mum and the other to a minimum. 


The derivatives are 


James Ciark, Esq., of Wayne, Maine, sent us demonstrations of 
the above propositions, calling attention to the oversight in proposi- 
tion 8, which Professor Snetu has corrected. 
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TO DESCRIBE A CIRCLE TANGENT TO THREE GIVEN 
CIRCLES. 


BY H. A. NEWTON, 
Professor of Mathematics, Yale College, New Haven, Conn. 


Tue method of transformation of curves by reciprocal radii vec- 
tores* affords a ready solution of the problem of drawing circles 
tangent to three given circles, provided two of the given circles cut 
each other. 

This method is as follows. Let any point P be taken and called 
the pole, and any arbitrary square be taken as a superficial unit. 

Two points, A and B, are said to be reciprocal to each other if 
they are on the same straight line through P and the rectangle P A. 
P B is equal to the assumed unit square. 

Two curves are said to be reciprocal to each other when the re- 
ciprocal to each point of the one is on the other. 

The reciprocal of a straight line is a circumference that passes through 
the pole. 

Let AB (Fig. 1) be a straight line, and J 
P the pole. Let fall P A perpendicular on 
AB, and let C be the reciprocal to A. On 
CP as a diameter describe a circle CFP. 

From D any point of AB draw DP and 
take £ the reciprocal of D./£ is in the 


Fig. 1. 
circumference C#'P. For, join CL; then since by hypothesis 
PA.PC=PD.PE, that is PA: PD:: PE: PC, the triangles 
PEC and PAD are similar, and the angle PEC = P AD a right 





* Lionville XII. 265, and XIII. 209. Salmon’s Higher Plane Curves, p. 239. 
Serret Méthodes en Géométrie, p. 21. Camb. and Dub. Math. Journal, Feb. 1853. 
Quarterly Jour. of Pure and Applied Math. 1. 32. 
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angle. Hence JZ is in the circumference P F C, and the circumfer- 
ence ('F'P is the reciprocal of the straight line AB. 
Cor. 1. A straight line through P is reciprocal to itself. 
Cor. 2. Circumferences reciprocal to parallel straight lines are 
tangent to each other at the pole. 
The reciprocal to the circumference of a fm 
circle is a@ circumference. 
Let ABC (Fig. 2) be a circumference, 
and BA the diameter through P. Take 
a and 6 points reciprocal to A and B, and 
on ab as a diameter describe the circle 
adb. These two circumferences are re- 


ciprocal to each other. For let C be any Fig. 2. 


point of ABC, and ¢ its reciprocal point. Join CP, CA, CB, ca, 
and cb. Since PB. Pb= PC. Pc the triangles PBC and Phe 
are similar, and the angle PBC= Pecb. For a like reason 
PAC=Pea. Therefore Peb + Pca or acd is equal to 
BAC+ ABC a right angle, and ¢ is in the circumference a db. 
If P is without the circle A BC, the demonstration is nearly the 
same. 
If two curves cut each other at any angle, their reciprocals cut each other 
at an equal angle. 
Let the two curves (Fig. 3) intersect in 
| A. Their reciprocals will meet in B the 
reciprocal of A. If x be a point in one 
j curve and m its reciprocal on the reciprocal 
curve, a circumference may be described 
through A, B,m, and n, for PA. P B= 
Pm.Pn. If m and n approach Band A 
1 and coincide with them, the circle ABmn 
~ becomes tangent to one curve at A and to 
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its reciprocal at B. A second circle may be tangent to the second 
curve at A and to its reciprocal at B. Now the angle made by 
these circumferences at A is evidently equal to that at B. There- 
fore the curves cut each other at the same angle at A as their recip- 
rocals at B. 


If now a figure consists of curves and points, and a second figure 


consists of the reciprocals of these curves and points, and if in the 
first figure there be proved any proposition or construction, we may, 
in many cases, infer some corresponding proposition or construction 


in the second figure. 


A few examples will best illustrate this. 


All the straight lines that cut a given 
circumference at right angles pass through 
the centre. 


All the straight lines that cut a given 
circumference at the same oblique angle, 
are tangent to a second circle concentric 
with the given circle. 

Two straight lines may be drawn par- 
allel to a given straight line, and tangent to 
a given circle. 

To construct the points of tangency, 
draw through the centre of the given cir- 
cle a straight line at right angles to the 
given straight line. It will meet the cir- 


cumference in the required points. 


If through three points A, B, and C, 
taken two and two, three straight lines, 
AB, BC,and AC, and also the circle A BC 
be drawn, then will any one of these straight 


lines cut the circumference A BC at an! 
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All circumferences that pass through a 
given point P and cut a given circumfer- 
ence at right angles, pass through a second 
common point, which may be called the 
reciprocal centre with respect to P. 

All the circumferences that pass through 
a fixed point P, and cut a given circumfer- 
ence at the same oblique angle, are tangent 
to a circle. 

Two circles may be drawn to touch a 
given circle at a given point P, and also 
tangent to a second given circle. 

To construct the points of tangency, 
draw through the given point P and the 
reciprocal centre of the second circle with 
respect to P,a circumference cutting the 
It will 
meet the second circumference in the re- 


first circumference at right angles. 


quired points. 

If through a point P and through three 
points A, B, and C, taken two and two, 
three circumferences PAB, P_BO, and 
PAC and also the circumference A BC 
be drawn, then will any one of the circum- 

















angle equal to that made by the other two | ferences that pass through P cut A BC at 
straight lines. — (Euc. 32. 3.) an angle equal to that made by the other 
two circumferences. 
This is the fourth prize problem in the 
jJan. No. of the Monthly. 


If three circles be given, two of which intersect, and one of the 
points of intersection be taken as pole, the reciprocal figure will con- 
sist of two ‘straight lines and a circle. To draw a circle tangent to 
three given circles, corresponds to drawing a circle tangent to two 
given straight lines and a given circle. 


We may do this by the aid of the following Lemma. 


LEMMA. 


If in any plane there be given two straight lines and a circle, 


and if about the circle there be described a parallelogram whose 


sides are parallel to the two given straight lines, and if four straight 
lines be drawn from the four angles of this parallelogram to the in- 
tersection of the given straight lines, then through each point where 
any one of these four lines cuts the circumference of the given cir- 
cle, can a circle’ be described to touch both the given straight lines 
and the given circle. 

Let C (Fig. 4) be the centre of 
the given circle, AB and AD the 
given straight lines, EF and LG 
sides of the parallelogram parallel 
respectively to AB and AD, and 
touching the circle in F and G. 
Draw AE cutting the circumference 
of the circle in 0, GO cutting AD 
in D, FO cutting AB in B, BH 
perpendicular to AB and meeting 
a line through C and Oin HZ. Join 
CF, CG, and DH. Since FG is 
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parallel to AD, EF to AB, and CF to BH, we have the propor- 
tions GO0:0D::EO:0A::FO:O0B::CO:OH. Therefore CG 
and D H are parallel, and DJ is perpendicular to AD. Likewise 
we have CF:C0:CG@::HB:HO:HD. But the first three 
terms being equal the last three are equal to each other, and a circle 
described from H as centre with a radius HP will pass through B, 
D, and O, and will evidently touch both the lines and the circle in 
these points. 

It may be easily shown, that through no point of the circumfer- 
ence of the given circle other than those on the four lines drawn as 
above can a circle be described to touch both the given lines and 
the given circle. 

We may now construct the points of tangency of all the circles 
that can touch two given straight lines and a given circle, and hence 
also the points of tangency of all the circles which touch three 


given circles, two of which must, however, intersect. 


Fig. 5. Ye 6 


Let AB and A D (Fig. 5) be the two| Let PAB and PAD (Fig. 6) be the 


straight lines, and G OF the given circle. 
Draw two straight lines parallel to the 
straight line A B touching the circle GO 
F;; also two parallel to AD and tangent 
to GOF. Through A and each one of 


the four points of intersection, Z, K, L, | 





two circles which intersect and G OF’ the 
third given circle. Draw two circles 
touching the circle PA B in P and touch- 
ing also the circle G O F’; also two circles 
touching PAD in P and tangent to G OF. 


Through P and A, and each one of the 
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and J, of these tangents draw straight 
lines. The points where they cut the cir- 
cumference G OF are the points where 
the required circles touch it. The points 
of tangency on AB and AD may be 
found thus. Let the straight line A EZ de- 
termine a point of tangency O on G OF, 
and let the line through Z parallel to A D 
and tangent to G OF touch G OF in G. 
Draw a straight line through G and 0, 
cutting the line A Din D. In like man- 
ner determine Bon AB. The circle de- 
scribed through D, B, and O will touch in 
those points the given straight lines and 
the given circle. 


— 


| four points of intersection, Z, K, L, and M 
‘of these circles, describe circles. The 
points where they cut the circumference 
G OF are the points where the required 
circles touch it. The points of tangency 
on the circles PAB and PAD may be 
found thus. Let the circle PA deter- 
mine a point of tangency O on G OF, 
and let the circle through Z tangent to 
|PAD at P and tangent to GO F touch 
GOF in G. Describe a circle through 
P, G,and O, cutting the circle PA D in 
D. In like manner determine Bon P A B. 
The circle described through D, B, and O 
will touch the three given circles. If one 








or more of the three given circles were 





replaced by straight lines this construction 
| would with slight changes be applicable. 





THE MOST THOROUGH UNIFORM DISTRIBUTION’ OF 
POINTS ABOUT AN AXIS. 


By Cuauncey Wricut, Nautical Almanac Office, Cambridge, Mass. 








Let it be required to place at equal successive intervals round 
and round upon the circumference of a circle, an indefinite number 
of points, so that the circumference shall at any time be divided by 
them into the smallest parts; that is, so that the circumference shall 
.be most thoroughly divided at every step of the distribution. 

If we were not limited to equal intervals between the successive 
points, the distribution might be very simply effected either by con- 
tinually bisecting or trisecting the parts of the circumference. Thus 
two points placed oppositely would divide the circumference into 
two equal parts, and with two other points these semi-circumferences 
might be bisected, according to the arrangement of cruciform flowers 
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and whorls; and further, four more points might bisect the quad- 
rants, and so on. Or, again, the circumference might at first be 
divided by three points into three equal parts, and these might be 
bisected or trisected by the three or six following points, and so on. 

To divide the parts of the circumference into smaller fractions 
than thirds would be to neglect the distribution at first, though the 
ultimate division of the circumference would be quite as perfect. 

But if now we seek a uniform and symmetrical distribution as 
well as a thorough one, the interval between the successive points 
must be constant, and if the circumference is to be indefinitely sub- 
divided, this interval is of course incommensurate. 

Let z denote the ratio of this interval to the whole circumference ; 
then + is the number of times the interval is contained in the whole 
circumference. Let g denote the integer part of +, and 7’ the 
remainder after subtracting gz from the whole circumference. 

In the second revolution around the circumference each of the 
parts z is divided into the parts 7’ and x —r’. In the third revolu- 
tion each of the parts s — 7 into the parts 7’ and # — 27’, and so 
on as many times as 7 is contained inz. Let this number be q’, and 
let the remainder, x — q'7’, be denoted by 7”. 

By further revolutions each of the intervals 7’ is subdivided into 
qg” parts r” with a third remainder r”; and so on. The numbers 
and spaces q, q’, 9”, &e., 7’, r”, r’”, &c., are such as are obtained by the 
method for finding the greatest common divisor or for forming a 
continued fraction, and since 


l>=gq«e+r, 
a= dr+r’, 


x —_— q rl 4- e", 

















we find for z the value x = 


q’ + &e. 
Now in order that the circumference may be at every step most 
thoroughly divided, the magnitudes of the parts into which it is 
divided should be as nearly equal as possible; that is, the smaller 
should be contained in the larger the least number of times; hence, 
in general, the numbers g™!, which express the ratios of successive 
sub-intervals, should be unity. It may not be necessary that the 
distribution should begin till after the first revolution. In this 
case the first quotient g may be any number, but all the other 
quotients, q’, g”, ¢’”, &c., must be unity, hence 


1 
1) em - 
FR G41 
i41 
i41 1 
1+ &c.,, or peers 4.4 
1+ &e., we 


+. in which s = -*;; whence # = 1 —/h, or in the 


have tz = = 
form of a proportion 1:4 = k:1— +; that is, & is the ratio of the 
extreme and mean proportion. Its value is $(¥i—1). From 
the property which it here exhibits we may also call it the distributive 
ratio. 

This ratio / and the continued fraction, which expresses it, have . 
hitherto been obtained by mathematical induction from the fractions 
of the Phyllotaxis. On the other hand we shall be able by further 
deductions, still subject to the conditions of our problem, to obtain 
these fractions as special solutions. For, in cases where the circum- 


ference is to be divided into a limited number of parts, the interval 


— 


z becomes commensurate, and the last remainder or space of the 
foregoing analysis is contained exactly twice in the last but one ; that 
is, the last step of the distribution consists in bisecting the previous 
parts of the circumference. Or, what comes to the same, the last 
remainder but one is contained in the preceding remainder once, 
with a remainder equal to itself, so that the last two remainders are 
equal. Hence, for a distributive commensurate interval, all the 
values g'! are unity, but are limited in number; and the interval is 
therefore one of the approximations of the continued fraction (1). 

When g = 1 these approximations are 1, 3, 3, 3, §, &. When 
q = 2 they are }, }, 2, 3, &c., the arithmetical complements of the 
former, and they therefore express the same arrangements, but in an 
opposite direction around the circumference. When ¢=3 we 
obtain 3, 1, 2, &e. 


In general the third approximation ; or two 


2 
+1 2q+1’ 


1 

divided by any odd number, expresses the enna which, in the 
second revolution, are bisected. The fractions 2, ?, and ? are the 
only ones of this simplest form of distribution which are found in 
the arrangements of leaves around their stems. In all the arrange- 
ments of the Phyllotaxis every point after the first revolution is so 
placed with reference to the two points, between which it falls, that 
its distance from the middle is never more than one sixth of the 
whole interval between the two points. The distributive property 
of these fractions clearly explains their office in nature. 

Many other fractions are apparently as well adapted to the 
symmetry of vegetable forms, and the limitation of natural arrange- 
ments to the Phyllotactic system seems, therefore, at first sight, un- 
accountable. Two hypotheses have been advanced to explain this 
limitation ; the one attempting to deduce these arrangements me- 


chanically from a hypothetical law of formation; and the other 
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regarding them as typical forms or models which nature has chosen 
to follow by an arbitrary limitation of her means. The latter hy- 
pothesis certainly agrees~best with the principles of animal and 
vegetable Morphology, according to which organized forms are not 
determined simply by their functions, but are rather certain typical 
structures or models, modified and metamorphosed by their func- 
tions. 

There are three ways in which we may seek to account for 
natural forms and phenomena. First, by deducing them from the 
law of their development, as in the mechanical sciences ; or, 
secondly, we may account for them by the discovery of their func- 
tions or offices as in Physiology; or, thirdly, by referring them to 
fundamental types or natural methods, as in the Morphology of 
organized forms. To the latter class of explanations belongs the 
most generally received account of the Phyllotaxis; that is, the 
arrangements of this system are regarded as the models by which 
nature works, and not as the result of any discoverable law of for- 
mation, nor as performing any special function in the vegetable 
economy. But we have shown that there is a purpose which these 
arrangements fulfil, and that no other arrangements are adapted to 
the same office. This office in plants is to effect the most thorough 
distribution of leaves and petals around their axes; to expose them 
most effectively to the influences of light and air, and to distribute 
their fibres most thoroughly in the stem. Thus the functions of 
leaves and petals determine not only their general forms, but also 
in general their relative positions. Expansion and exposure are the 
conditions required by the functions, and the Phyllotaxis is only a 
simple mathematical deduction from these conditions. 
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PROBLEMS IN “CURVES OF PURSUIT.” 


1. Tree foxes are supposed to beat F, and a dog at S, forty 
rods south of F. They all start at j 
the same instant, the foxes running 
with the same uniform velocity 
and the dog just twice as fast. 

The first fox runs east along the 

line FE; the second one runs 

north nee the line /’V; and the @ 

third runs west along the line F W. The dog runs ) deeotly towards 
the first fox, and overtakes it at 2. He immediately pursues the 
second one and overtakes it at VV; then pursues the third and over- 
takes it at W. How far must the dog run to catch the tliree 
foxes ? — Communicated by Professor Root. 

The general problem, when the body pursued moves on a straight 
line, may be stated thus: Find the curve, such, that the intercepts of 
its tangents on the axis of z shall always bear a constant ratio to 
the lengths of the arcs between the corresponding points of tan- 
gency. 

2. The problem is still more general when the body pursued 
moves on a given curve instead of a straight line. It may be ‘thus 
stated: Find the curve, such, that the intercepts of its tangents on a 
given curve shall always bear a constant ratio to the lengths of its 
arcs between the corresponding points of tangency. 

When the given curve is a circle, and the required curve starts 
at the centre, and the ratio is unity, we have a special case which 
was communicated by Josgru Fickuin, Jr., Esq. 

If A pursues B, and their velocities are in the ratio of m to n, 
there are obviously three cases to be considered. First, when m>n, 
A will overtake B, and in the complete discussion A must pass and 
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afterwards move directly away from PB. Second, when m =n, A 
will never overtake B, and the paths will ultimately become asymp- 
totes to each other, except in those cases where A must continue to 
cross and recross B’s path. Third, when m<n, A will never over- 
take B; but its nearest approach is a point to be determined. 


The class of curves known as “curves of pursuit” were named 
and first discussed by Bovaver, in a Memoir, entitled “Upon new 
Curves to which we may give the name of Lines of Pursuit,’ and printed 
among the Mémoires de [Académie Royale des Sciences, for the year 


1732. 
M. Bovaver remarks, that besides the general interest which 


should attach to these curves as a class possessing a characteristic 
property, they are frequently traced, and especially at sea, where 
the erroneous practice prevails of always directing the prow of the 
vessel towards the one to which chase is given; thus sailing on the 
curve of pursuit instead of the straight lines of shortest distance, 
which will always be directed ahead of the pursued vessel. He only 
discusses the case in which the pursued body moves on a straight 
line, not referring at all to the more general problem. The Memoir 
immediately following that of M. Boveurr, in the same volume, is 
by the illustrious M. pe Mavpertuis, who solves the problem as 
announced by Bovaver, then states the more general one, and 
gives a general method for finding its differential equation ; which, 
however, he does not integrate for any special cases. 

Nor am I aware that the equation has ever been integrated even 
in the simplest case, that in which the given curve is a circle. 
When, however, the velocities are equal, as in Mr. Fickxun’s problem, 
the curve of pursuit continually approaches the circle, to which it 
becomes an asymptote, and meets only after an infinite number of 
revolutions, when the two bodies will be together. When m>n, A 
will overtake B, and if A’s motion continues, its path outside of the 
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circumference will be a wave-like curve, the oscillations growing 
smaller as A’s distance from the circumference becomes greater. 

In Vol. II. of the Correspondance sur [’école polytechnique, p. 275, we 
find the following statement: 

“M. Dusois-Aym# se promenait sur le bord de la mer; il apergut, & quelque dis- 
tance, quelqu’un de sa connaissance, et se mit & courir pour J’atteindre; son 
chien, qui s’était écarté, courut vers lui, en décrivant une courbe dont l’empreinte 
resta sur le sable. M. Dubois, revenant sur ses pas, fut frappé de la régularité 
de cette courbe, et ilen chercha l’équation, en supposant, 1.° que le chien se 
dirigeait constamment vers l’endroit oi: il voyait son maitre; 2.° que le maitre parcou- 


rait une ligne droite ; 3.° que les vitesses du maitre et du chien étaient uniformes.” 


In connection with the above, an erroneous equation of the 
curve is given. The next reference to the problem may be found in 
Gerconne’s Annales de Mathématiques, Vol. 13, p. 145, in a Memoir 
entitled Solution Nouvelle d’un probléme énoncé dans la correspondance sur 
’école polytechnique ; par M. Tuomas pe St-Laurent. 

As this title indicates, there is no reference in this Memoir to the 


discussion of the same problem made nearly one hundred years be- 
fore; and as it is called Probléme du chien, it is to be supposed 


that the author did not even know the problem by its earlier name. 
In the same volume of Gerconne’s, Annales, p. 289, M. Tuomas bE 
St-Laurent and M. Cu. Sturm have solved the following problem, 
which is an extension of the one quoted above: 


“ PRoBLEME. Un chien, qui se trouve en un point donné de l'un des bords d’un canal 
rectiligne d’une largeur constante, apercevant, en un point donné de l’autre bord, son 
maitre qui marche le long de ce bord, avec une vitesse constante, se jette & la nage 
pour le joindre. En nageant, il se dirige constamment vers son maitre, avec un effort 
toujours constant; mais le courant de l'eau, en l’entrainant, le détourne sans cesse, et 
avec un effort également constant, de la direction qu’il veut prendre; on demande, 
d'apres ces diverses circonstances, quelle courbe ce chien décrira sur la surface de 


Yeau?” 


In the Table of Contents these problems are called Problems in 
“Curves of Pursuit.” 
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A SECOND BOOK IN GEOMETRY. 
REASONING UPON FACTS. 


BY THOMAS HILL. 


PREFACE. 


Turs book is intended as a sequel to the “ First Lessons in Geometry,” and, therefore, pre- 
supposes some acquaintance with that little treatise. I think it better, however, that some 
interval should elapse between the study of that book and of this, — during which time the 
child may be occupied in the study of Arithmetic. 

Geometrical facts and conceptions are easier to a child than those of Arithmetic, but arith- 
metical reasoning is easier than geometrical. The true scientific order in a mathematical edu- 
cation would therefore be, to begin with the facts of Geometry, then take both the facts and 
reasoning of Arithmetic and afterwards return to Geometry, not to its facts only, but to its 
proofs. 

The object of “ First Lessons in Geometry” is to develop the child’s powers of conception ; 
the object of this book is to develop his powers of reasoning. That book I consider adapted to 
children from six to twelve years of age, this to children from twelve to eighteen years old. 


CHAPTER I. 


PRELIMINARY. 


1. Geometry is the science of form. We really begin to learn Geometry when we first 
begin to notice the forms of things about us. Some persons observe forms much more closely 
than others do; partly owing to their natural taste, and partly to their peculiar education. The 
study of plants, animals, and minerals, the practice of drawing, and the use of building blocks 
and geometrical puzzles, are good modes of leading one to notice quickly and accurately dif- 
ferences of form. 

2. The second step in learning Geometry i is to become able to imagine perfect forms, with- 
out seeing them drawn. The little book called “ First Lessons in Geometry” was chiefly 
designed to help in the attainment of this power. It is filled with descriptions of forms that 
cannot be exactly drawn. This is especially true of many of the curves, which cannot be 
drawn so exactly as straight-lined figures and circles; but which we can, with equal ease, im- 
agine perfect. 

3. The third step in learning Geometry is to learn to reasan about forms, and to prove the 
truth of the interesting facts that we have observed. This is the only way in which we can 
become able to find out new truths and to be certain that they are true. And the first part 
of this second book is written to teach the scholar how to reason out or prove geometrical 
truths. 

_ 4. After learning to reason out or prove geometrical truths, it is pleasant to know how to 

use them. This is not the only object of Geometry. It is worth while to know a truth, simply 
because it is true. But it is also pleasant to be able to apply that truth to practical use, for the 
benefit of our fellow men. And the second part of this book is written to show in what way 
we can turn Geometry to practical use. . 
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CHAPTER II. 


DEFINITIONS. 


5. GrometRy is the science of form. Every form or shape is, in general, enclosed by a 
surface; every surface can be imagined as bounded, or else as divided by lines; and in every 
line we can imagine an endless number of points. 

6. A point is a place without any size. It has a position, but no dimensions ; neither length, 
breadth, nor depth. 

7. A line is a place having length, without breadth or depth. As we attempt to mark the 
position of a point by making a dot with the point of a pen or pencil, and the position of a 
line by moving the pencil point along the surface of the paper, we find it convenient to speak 
of a geometrical line as if it were made by the motion of a geometrical point. As the eye 
runs along the pencil line, so the eye of the mind runs along the geometrical line from point to 
point. 

8. A surface is a place having length and breadth, without depth. 

9. A solid is a place having length, breadth, and depth. A geometrical solid is not a solid 
body, but is simply the space that a solid body would occupy, if it were of that shape and in 
that place. In like manner a geometrical surface is not the surface of a solid body, but simply 
the surface of a geometrical solid. 

10. A straight line is a line that does not bend in any part. A point moving in it 
never changes the direction of its motion, unless it reverses its direction. 

11. A curve is a line that bends very slightly at every point. It 

a, must not have any straight portion, nor any corners; that is to say, 

A it must bend at every point, but the bend must be too small, at each 
place, to be perceptible. 

12. A plane is a geometrical surface, such that a point, moving in a straight line from 
any one point in the surface to any other point, never leaves the surface. The common jg 
name of a plane is “ a flat surface.” 

13. An angle is the difference of two directions in one plane. If the line CO 
should turn around the point O so as to make the arc 
DC grow larger, the difference of the directions of OC 3B 
and OD would increase, and we should say that the angle 
DOC grew larger and larger until the point C arrived at A, 
so that the two lines O D and OC were opposite in direction. 

14. If the point C were carried round half way to the oppo- 
site point A, that is, to the point E, the angle D O C would be a right angle, as DOE is, A 
right angle is a difference of direction half as large as that of oppositeness of direction, The 
difference between an angle and a right angle is called the complement of the angle. The dif- 
ference between an angle and two right angles’js called the supplement of the angle. Thus 
C OE is the complement of DO C, and C O A is the supplement of DOC. 


15. When two lines make no angle with each other 


A 








A 








or make two right angles, they are called parallel lines, Piel 
That is to say, parallel lines are those that lie in the same A WA 8 
direction or in opposite directions. When two lines ina ¢ H Q 





plane are not parallel, the point where they cross, or Y 
would cross if prolonged, is called the vertex of the E 
angle. Fig. A, 
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16. A triangle is a figure inclosed by three straight 
lines in one plane. 

17. A right triangle is a triangle in which two of 

the sides make a right angle with each other. These 

D ° sides are then 

= called the legs of the triangle, while the third 
side is called the hypothenuse. 

18. A parallelogram is a figure bounded by 

four straight lines in a plane, with its opposite 

sides parallel. 





'B 
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19. A rectangle is a parallelogram with its angles 
all right angles. 

20. A square is a rectangle with its sides all 
equal. 




















CHAPTER III. 


REASONING. 

21. Suppose that we wished to make another person believe that the three angles of a tri- 
angle are, together, equal to two right angles. One way of convinc- 
ing him would be to take a triangular piece of card, or of paper, cut 
off the corners by a waving line, and lay the three corners together, 
to show him that the outer edges will make a straight line, as two 
square corners put together will do. 

22. Yet he might not be satisfied that the line was perfectly straight. Or perhaps he might 
say that if the angles of the triangle were in a different proportion, the corners put together 
would not make a straight line with their outer edges. 

23. A gentleman once came to me and said, “ I have found out that if you draw such and 

. B such lines, you will always find these two, AB and CD, equal. At least 

AL“ ~ my most careful measurement shows no difference between them.” I said 

Pos \ / \ to another gentleman, who knew something of Geometry, “ Can you prove 

. \ that these lines will be equal if the figure is drawn exactly as directed ?” 

tie 2 He said he would try, and in a few days he sent me what he called a proof. 

But on reading it I found it only amounted to saying that “if the lines are equal, they are 

equal.” I then examined the matter myself and found that the lines were, in reality, never 

equal, although the difference was always very small, —too small to be easily discovered by 
measurement. m 

24. Such errors, too small to be discovered by measurement, are sometimes large enough to 
do great mischief; and at any rate, however small, they are still errors, and it is best to get rid 
of errors, and to find the exact truth, whether the error is mischievous or not. In order to do 
this we must learn how to reason, how to prove truths. And in order to avoid such mistakes as 
that of my friend, who thought he had proved the false proposition of which I have been speak- 
ing, we must learn to reason correctly. 

25. When we put the corners of a paper triangle together to make a straight line, we may 
say, Perhaps there is some slight error here, too small to be detected by measurement. How 
then shall we prove that there is no such error in a perfect geometrical triangle ? 





26. The first thought that occurs to us will be, that if any straight line be drawn through 
one vertex of a triangle, as D E is drawn through the point A, without E 
passing through the triangle, the three angles on one side of the line, 
about the point A are equal to two right angles, and if the sum of the 
three angles of the triangle is equal to two right angles, it must be equal - 
to that of the three about the point A. Cc 

27. But as the central angle at A is already an angle of the triangle, it follows that the 
other two angles must be equal in their sum to the sum of the angles B and C. 

28. Now this will be true in whatever direction the line DE is drawn, only provided it 
does not pass through the triangle. Let us then imagine it to pass in such 
a direction as to make the angle B AE equal to the angle ABC and it 
will only be necessary to prove that D A C is then equalto ACB. For 
if D AC is equal to ACB, then since we suppose B A E equal to ABC, 
and B AC is one of the angles of the triangle, we shall have the three “ 
angles about A equal to the three angles of the triangle, and as the three a 
angles about A are equal in their sum to two right angles, the three angles of the triangle will 
be equal to two right angles, which is what we wish to prove. 

29. But to say that D AC is equal to A C B is equivalent to saying that A D and C B differ 
equally in their direction from the direction of AC, and since AC is a straight line and its 
direction from A is opposite to its direction from C, this is equivalent to saying that A D and 
CB go in opposite directions. 

30. All that we have now to prove is, that the line AD or ED goes in the same direction 
as the line BC. But this needs no proof, because we have already supposed that E A makes 
the same angle with A B that B C does; and as BC is a straight line, the direction of E A and 
C B must be opposite. But as E A is part of the same straight line with A D, it has the same 
direction as AD. The proof is now complete. 

31. And this mode of proof does not depend at all upon the particular shape of the tri- 
angle. We have made no supposition concerning the shape of A BC, except that it should be 
a triangle. We have, therefore, proved that the sum of the three angles of any triangle is 
equivalent to two right angles. 


F 


32. Thus we have analyzed the proposition that the sum of the three angles of a triangle 
is equivalent to two right angles, and found that it resolved itself at last into saying that two 
lines making equal angles on opposite sides at the end of a straight line must point in opposite 
directions, a proposition which is easily shown to be true. 

33. But this mode of analyzing is very tedious when stated in words. A geometer usually 
does not state it; he passes through it very rapidly in his own mind, and then restates the 
process carefully in an inverted order, as follows in articles 34, 35, and 36. 

34. When one straight line crosses another, the opposite or vertical angles are equal. For 
since each line has but one direction, the difference of direction on one side of the vertex must 
be the same as on the other side. 

35. When one straight line crosses two parallel straight lines, the alternate internal angles 
are equal, or in the figure (Fig. A.) AGE is equalto DHF. For DHF is equal toBGF, 
having its sides pointing in the same direction as those of B GF, and AGE is equal to BG F 
by article 34. 

36. Through the vertex of any triangle, as through A (Fig. B.), draw a straight line DE 
parallel to the opposite side BC. Then EAB will be equal to its alternate internal angle 
ABC, and for the same reason DAC will be equal to AC B. So that the three angles of 





the triangle will be equal to the three angles about the point A, and their sum is plainly two 
right angles. 

37. The mode of proving that the sum of the three angles of a triangle is equal to two 
right angles, by cutting a piece of card, is called experimental proof. It is of very little use in 
mathematics, but of great use in the study of physics, especially in mechanics and chemistry. 

38. The mode of proof used in articles 26-31 is called, by metaphysicians and by writers 
on Arithmetic, analysis. But as geometers, in their writings, almost never use this method, they 
have no name for it; and when they speak of analysis or of analytical methods they usually 
refer to something else of a very different character. 

39. The mode of proof in articles 34-36, called by metaphysicians, synthesis, by geometers, 
demonstration or deduction, is that usually employed in stating geometrical results. This mode 
is chiefly applicable to mathematics, and must be used with very great caution in reasoning upon 
other subjects. 

40. A proposition which we wish to prove may be compared to a mountain peak which we 
wish to show is accessible from the highway. The method of articles 26-31 may be compared 
to taking a flight by a balloon to the top of the peak and then finding a path down to the high- 
way; while the method of articles 34-36 may be compared to the direct ascent of the moun- 
tain. In either case we show that the peak is accessible ; because we actually pass over all the 
steps of a connected pathway between the road and the mountain top. 

Thus in geometrical demonstration we pass through every step connecting the simplest self- 
evident truths with the highest deductions of the science ; while in the process which writers on 
Arithmetic call analysis, we pass over every step from those truths down to the simplest. In 
either case we prove that the higher truth really stands on the same basis as the simpler, and 
must, therefore, be true. 


See page three of Cover. 





Gdhitoriul Atems. 





Tn following gentlemen have sent us solutions of the Prize Problems in the January num- 
ber of the Monthly : 

Wa. E. Merrixt, Cadet, ist Class, U. S. Military Academy, answered all the questions. 
(A. E. Cuurcn, Prof.). 

Cuarves Bertie, Sophomore Class, Haverford College, Pa., answered all but IV. and V. 
(M. C. Stevens, Prof). 

Prof. Stevens also communicated a very elegant solution of problem IV. by Wm. G. 
Runoaps, Esq., graduate of Haverford College, Class of 1858. 

Davip Trowsrwer, Perry City, Schuyler Co., N. Y., answered problems III. and V. 

W. F. Ossorne, Sophomore Class, Wesleyan University, Middletown, Ct., answered all 
but V. 

Asner B. Evans, Junior Class, Madison University, Hamilton, N. Y., answered all the 
questions. 


We shall publish the report of the Judges, with the Prize Solutions, in the next number. 
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edited by R. H. Chase, A. Me. With Introduction to the Metres, 
by — essor Charles Beck. Revised edition. 12mo, half mor. 


$1.2 

LATHAM’S ELEMENTARY ENGLISH GRAMMAR. Revised by 
Professor Child. With an Appendix, by President Goodwin, 
Trinity College. 16mo, cloth. 75 cents. 


16mo. 





PEIRCE, J.M. ANALYTIC GEOMETRY. 8vo. $1.50. 

REID, THOMAS. ESSAYS ON THE INTELLECTUAL POW- 
ERS. With Notes and Illustrations, by Sir William Hamilton 
and others. Edited by James — D. D., President of Har- 
vard College. 12mo, cloth. $1.25. 

ROELKER, B. A GERMAN READER FOR BEGINNERS. 
Compiled by Bernard ry A. M., Instructor in Harvard Uni- 
versity. 12mo,cloth. $1. 

STEWART, DUGALD. ACTIVE AND MORAL POWERS OF 
MAN. Edited, with Notes, by James Walker, D. D., President of 
Harvard College. 12mo, cloth. $1.25. 

STOCKHARDT’S PRINCIPLES OF CHEMISTRY. Illustrated 
by Simple we Translated by C. H. Peirce, M. D. 
12mo, cloth. $1.7 

THOMSON. OUTLINE OF THE LAWS OF THOUGHT. 

12mo, cloth. $1.00. 

VERNON, EDWARD JOHNSTON, B. A. yg TO THE 

ANGLO-SAXON TONGUE. 12mo, cloth. $1.25, 

WHATELY. LESSONS ON MORALS AND CHRISTIAN EVI. 

DENCES. Edited by Rev. F. D. Huntington. 16mo. 76 cents. 


MISCELLANEOUS. 

A COLLECTION OF FAMILIAR QUOTATIONS, WITH IN- 
DICES OF AUTHORS AND SUBJECTS. 16mo, cloth. Third 
edition. $1.00. 

AUTUMN LEAVES. ORIGINAL PIECES IN PROSE AND 
VERSE. 16mo, cloth. 75 cents. 

COLLEGE WORDS AND CUSTOMS. By B. H. Hall. 
cloth. $1.25. 

FOUR OLD PLAYS. JACK JUGLER, THERSYTES, PARDO- 
NER AND FRERE, AND JOCASTA. 12mo, cloth. $1.25. 
MEMORIAL OF REV. JOHN S. POPKIN, D.D. Edited by 

Cornelius C. Felton. 16mo, cloth. $1.25. 

MEMORIES OF YOUTH AND MANHOOD. By Sidney Willard. 
2vols. 16mo, cloth. $2.00. 

NORTON, ANDREWS. EVIDENCES OF THE GENUINENESS 
OF THE GOSPELS. Second edition. In three volumes. 8vo, 
cloth. $5.00. 

NORTON, ANDREWS. ov CONCERNING CHRISTIAN- 


iT. 8v0, cloth. $1.7 
PROMETHEUS AND AGAMEMNON OF SOPHOCLES. A 
12mo, cloth. 75 cents. 


12mo, 


Translation, by W. H. Herbert. 

TUCKERMAN, EDWARD. SYNOPSIS OF NORTHERN LI- 
CHENES. 8vo, cloth. 75 cents. 

TUCKERMAN, EDWARD. ENUMERATION OF NORTH 
AMERICAN LICHENES. 2mo, cloth. 37 cents. 





PROCEEDINGS OF THE AMERICAN ASSOCIATION FOR THE ADVANCEMENT OF SCIENCE 
FROM THE COMMENCEMENT. 


1848 to 1858. 
1853 to 1858. 


13 vols. . - 
Each, post paid 


$25.00 
2.00 





AMERICAN EPHEMERIS AND 


Each . 
Postage 


For the year 1855-1861. 


NAUTICAL ALMANAC 


$1.50 
. 60 cents. 





JUST PUBLISHED. 
OUTLINE OF THE LAWS OF THOUGHT: 


A TREATISE ON 


PURE AND APPLIED LOGIC. 
BY WILLIAM THOMSON, 


D.D. 


PROVOST OF THE QUEEN’S COLLEGE, OXFORD. 


12mo. 


Cloth, pp. 347. 


Price $1.00. 

















PUBLISHED BY A. 8. BARNES & CO., 


THE NATIONAL SERIES OF MATHEMATIC 


BY CHARLES DAVIES, LL. D., 


PROFESSOR OF MATHEMATICS IN COLUMBIA COLLEGE, N. Y. 


g.| 


51 & 53 JOHN STREET, NEW YORK. 





Elementary Course. 
Retail price. 


- $015 


DAVIES’ PRIMARY ARITHMETIC & TABLE BOOK. 
. 0 20 | 


DAVIES’ FIRST LESSONS IN ARITHMETIC. 
DAVIES’ INTELLECTUAL ARITHMETIC. 
DAVIES’ NEW SCHOOL ARITHMETIC. . 

KEY TO DAVIES’ NEW SCHOOL ARITHMETIC. 
DAVIES’ NEW UNIVERSITY ARITHMETIC. 
KEY TO DAVIES’ NEW UNIVERSITY ARITHMETIC. 
DAVIES’ GRAMMAR OF ARITHMETIC. 
DAVIES’ ELEMENTARY ALGEBRA. ° ° 
KEY TO DAVIES’ ELEMENTARY ALGEBRA. 
DAVIES’ ELEMENTARY GEOMETRY & TRIGONOM. 
DAVIES’ PRACTICAL MATHEMATICS. . 


0 45 
0 75 | 
0 50 | 
- 030 
» 075 


on ALGEBRA, by Proressor Davixs, entitled 


DAVIES’ 


This work is designed to occupy an intermediate place between 
his Elementary Algebra and Bourdon. It teaches the Science and 
Art of Algebra by a logical arrangement and classification of the 
principles in their natural order, and by illustrating their application 


> 


Abunured Course. 


DAVIES’ UNIVERSITY ALGEBRA. . 
KEY TO DAVIES’ UNIVERSITY ALGEBRA. 


» + 025) DAVIES’ BOURDON’S ALGEBRA 
. 045|KEY TO DAVIES’ BOURDON’S ALGEBRA. 


DAVIES’ LEGENDRE’S GEOMETRY. 

DAVIES’ ELEMENTS OF SURVEYING. 

DAVIES’ ANALYTICAL GEOMETRY. 

DAVIES’ DIFFERENTIAL & Paraee al CALCULUS. 
DAVIES’ DESCRIPTIVE GEOMET 


- 050) DAVIES’ SHADES, SHADOWS, AND. PERSPECTIVE. 
- 100 DAVIES’ LOGIC OF MATHEMATICS. 
100 | DAVIES’ & PECK’S MATHEMATICAL DICTIONARY. . 


A. S. Barnes & Co. have the pleasure of announcing, that they have just issued from their press AN ENTIRELY New Work 


UNIVERSITY ALGEBRA. 


in an extended series of carefully arranged and graded examples . 
It is well adapted for use in High Schools, Academies, and Colle mes 
the work being so divided and arranged that it may be studie 
parts, or as a whole, forming a full and complete course. 





NATURAL PHILOSOPHY. 
PARKER’S JUVENILE PHILOSOPHY. - Price $0 25 
PARKER’S FIRST LESSONS IN PHILOSOPHY. . . 087} 
PARKER’S COMPENDIUM OF SCHOOL PHILOSOPHY. 100 

The present edition of Parker’s School ee | has been cor- 
rected, enlarged, and improved, and contains all the late discoveries 
and improvements in the science up to the present time. 

It contains engravings of the Boston School set of apparatus; a de- 
scription of the instruments, and an account of many experiments 
which can be performed by means of the apparatus, — and it is 
culiarly adapted to the convenience of study and recitation. he 
work is immense] age] and in very extensive use, more so than 
any other work of t kind. Jt has been recommended by the Super- 
intendents 0 Public Instruction of six States, and is the Standard Tezxt- 


Book in all the principal cities of the United States, and throughout 
Canada West. , 


wae > gdh — BOOK OF —— AND er 


By WiLu1aM A. Yours, M. ‘A, Pesta of Civil Engineering 
in Yale College. Arranged upon the catechetical plan, and co- 
piously illustrated. Designed for Young Pupils commencing 
the study of the science. 

THE FIRST BOOK OF SCIENCE — Two Parts 1x OnE. $100 


Part I. Naturat PxHitosopHy AND Astronomy. Parr II. 
CHEMISTRY AND ALLIED SciENcES. By W. A. Norton and J. 
A. Porter, Professors in Yale College. 


This volume treats of the elements of Natural Science, and is de- 
signed to meet the wants of young persons who do not intend to 
an a complete course of academical study. It is designed for 

ublic and Private Schools, and will be found admirably adapted to 
private study, and home instruction in familiar science. 





BARTLETT'S COLLEGE PHILOSOPHY. 
BARTLETT'S SYNTHETIC MECHANICS. ® $3 00 
BARTLETT’s ANALYTIC MECHANICS. 400 
BARTLETT’s Optics AND ACOUSTICS. 200 
BARTLETT’s SPHERICAL ASTRONOMY. 8 00 


The above are the Tezxt-books in the U. S. Military Academy at 
West Point. 


PORTER’S SCHOOL CHEMISTRY. 


First Book of Chemistry, and Allied Sciences, including 


an Outline of Agricultural Chemistry. By Pror. Jonn A. Por- 
TER. Price 50 cts. 


Principles of Chemistry, embracing the most recent discov- 
eries in the Science, and the Outlines of its application to Agricul- 
ture and the Arts — illustrated by numerous experiments newly 
adapted to the simplest apparatus. By Jonn A. Porter, A. M., 
M. D., Professor of Agricultural and Organic Chemistry in Yale 
College. Price $1. 

These works have been prepared expressly for Public and Union Schools, 
Academies, and Seminaries, where an extensive course of study on this sub- 
ject and expensive apparatus were not desired, or could not be afforded. A 
fair, practical knowledge of Chemistry is exceedingly desirable, and almost a 
necessity at the present day, but it has been taught in very few Public or Union 
Schools, owing entirely to the want of suitable text-books adapted to simple 
apparatus, or such as could be readily obtained. It is tly believed 
that these works supply this great want, and will be found in every respect 
just what is required. Boxes containing all the apparatus and materials nec- 
essary to perform all the experiments described in these books, can be ob- 
tained for $8.00, by addressing A. S. Barnes & Co., New York. 


Aa 
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IN PRESS. 
Prof. Peck of Columbia College is preparing an Elementary Work on MECHANICS. 

















A COURSE OF NATURAL PHILOSOPHY. 


Bi- ws Be ©. 


BARTLETT, 


PROFESSOR OF NATURAL AND EXPERIMENTAL PHILOSOPHY IN THE MILITARY ACADEMY OF THE UNITED STATES. 


DESIGNED FOR 


COLLEGES AND ACADEMIES. 


PUBLISHED BY A. 8. BARNES & CO., 


51 & 53 JOHN STREET, NEW YORK. 





Price $3.00 


6“ 


1. Elements of Synthetical Mechanics. 
2. Elements of Analytical Mechanics. 


3. Spherical Astronomy. 
4.00|4. Acoustics and Optics. 


Price $3.00 
“ 2.00 


TO PRESIDENTS, PROFESSORS, AND TEACHERS. 


The undersigned respectfully invite your attention to the above Text-Books, and to the following 
testimonials in their behalf : — 


I. ELEMENTS OF SYNTHETICAL MECHANICS. 

Mechanics is the basis of every course of Natural Philoso- 
phy, and the source of all rational explanation of physical 
phenomena. To the generality of students it has been a 
forbidden subject, by reason of a want of sufficient prepara- 
tion in the calculus for its successful study. ‘The aim of the 
above work is to bring this groundwork of physics within 
the reach of every one at all acquainted with the merest 
elements of mathematics. 

Il ELEMENTS OF ANALYTICAL MECHANICS. 
By the sameauthor. This is the same subject, but treated 
from a more elevated point of view. It assumes, on the 
part of the student, an acquaintance with the higher 
mathematics; and, in reference to its merits, we quote 
from Silliman’s American Journal of Science : — 


“Professor Bartlett has presented the American student with a 
very complete and excellent introduction to the Science of Mechan- 
ics; a work in which the analytical or deductive method of investi- 
gation is systematically carried out, and is, at the same time, set 
forth in such a manner as to be intelligible to those who possess a 
fair knowledge of the calculus, has long been needed. We believe 
Professor Bartlett’s work is the only treatise in our language in 
which this has been attempted.” 





“ THE ELEMENTS OF ANALYTICAL MECHANICS, by Professor W. 
H. C. Bartlett, is a valuable contribution to our means of obtaining 
a competent knowledge of this branch of science. In it he has de-| 
duced the laws of the movements of bodies on the principles of vir- | 
tual velocities, instead of the parallelogram of forces, which is made | 
the basis in most English and some French treatises. Combining 
this with D’Alembert’s principle, which is shown to be but a gen- | 
eralization of the Newtonian law of the equality of action and reac- 
tion, he deduces six equations for the motions of all bodies, and | 
which contain the whole subject of Mechanics. It is a method | 
susceptible of the most simple, precise, and prolific developments. 
It places the most vast and fruitful principles of science within the | 
grasp of the tyro, and enables him to commune face to face with the | 
great masters of Mechanics, with Lagrange and Laplace, with New- | 


ton and Euler, with Huggens and Bernouilli.”” — Putnam's Monthly 
Magazine, April, 1856, p. 489. 


Ill. SPHERICAL ASTRONOMY. 
By the same author. The aims and merits of this work 
are set forth in the following notices, also taken from Silli- 
man’s Journal of Science : — 


“This work is worthy of the present state of science, and, as a 
text-book for the higher classes in colleges, it has no equal in this 
country, and perhaps none in the ry y= The peculiarities of the 
work seem to be these: instead of the geometrical explanations, to 
which we have been accustomed in our astronomical text-books, of 
various phenomena, such as the tides, the stations and retrograda- 
tions of the planets, their phases, and the changes of the seasons, the 
author deduces the effects analytically, and the explanation is con- 
tained with great neatness in the analytical formulas and their inter- 
pretation. The elements of the planetary orbits are deduced with 
much conciseness and beauty, the more difficult investigations being 
made in the Appendix, and their results introduced in the text. 
The great improvements of modern science in this particular are 
here brought witliin the reach of every diligent student.” 


IV. ACOUSTICS AND OPTICS. 
By the same author. Of this work, Professor F. A. P. 
Barnard, the highest authority on all educational matters, 
says: “It is the most concisely luminous treatise on the 
subject in the language.” 


“The student is here presented with the second volume of a 
course of Natural Philosophy intended for the classes in colleges 
and universities. The work complete will extend to three volumes, 
of which the first, embracing Mechanics, has already been noticed 
in the columns of this journal. The book before us treats of Acous- 
tics, including the velocity, divergence, and reflection of sound; 
music, chords, intervals, and harmony; and Optics, exhibiting the 
laws of reflection and refraction; the telescope, microscope, camera- 
obscura, and polarization of light. Emanating from the proud seat 
of science, the Polytechnic School of North America, such works 
need not the blazonry of praise nor the guerdon of critical encomium. 
The high standard of = and mixed science at West Point, and 
the acknowledged excellence of Professors, constitute our best guar- 
anty of merit.’’ — National Intelligencer. 


A. 8. BARNES & CO., 51 and 53 John Street, New York, 


Publishers of the National Series of Standard School Books. 





COLLEGE TEXT-BOOKS, 
PUBLISHED BY A. 8. BARNES & CO, NEW YORE. 


Davies’ SystEM OF MATHEMATICS. 
Cnuurcn’s CALCULUS. 

Cuurcn’s ANALYTICAL GEOMETRY. 
CourTENAY’s CALCULUS. 
HACKLEY’s TRIGONOMETRY. 


Day’s Art oF RHETORIC. 

Boyp’s KAmgs’ ELEMENTS OF CRITICISM. 
Dwicut’s GRECIAN AND Roman MyTHOLOGY. 
Davies’ DicTIONARY OF MATHEMATICS. 

















MATHEMATICAL WORKS. 


By GEORGE R. PERKINS, LL. D., 


LATE PRINCIPAL AND PROFESSOR OF MATHEMATICS IN THE NORMAL SCHOOL OF THE STATE OF NEW YORK. 





ARITHMETICAL SERIES. 


PerKIns’s ARITHMETICAL SERIES embraces four text-books, 
which cover the whole ground, from the first lesson of the begin- 
ner in counting to the most abstruse and intricate operations 
embraced in the science. Their distinguishing features, as a 
whole, and the points on which their claim to superiority rests, 
are as follows : — 


1. They are complete. Nothing connected with the subject is 
omitted. 

2. Each number follows that which precedes it naturally and 
easily, the step from one to another not being too great for the pupil’s 
comprebension. 

8. They are consistent with each other. The definitions and rules 
in the different numbers are, as far as practicable, in the same 
words, and similar modes of reasoning are employed throughout. 

4. They are philosophically arranged. 

5. They are inductive. General laws are deduced from individ- 
ual cases, 

6. They are practical, constructed with direct reference to the 
wants of the pupil when he shall enter on the actual business of life. 

7. Rules and explanations are given tersely. Their point is not 
lost in a mass of Words. 

8. They present an unusually large number of examples. 

9. The examples, particularly those given first under the rules, do 
not involve tedious operations. 


10. Each rule is illustrated by every variety of example that can 
fall under it. 


11. The examples are so constructed as to require thought on the 
part of the pupil. 

12. A principle once taught is not allowed to be forgotten. In one 
form or other it is made the subject of constant review. 

18. Finally, these Arithmetics teach the shortest, simplest, and 
most easy to be remembered modes of performing the different oper- 
ations of which they treat. 


I. PRIMARY ARITJIMETIC. 18mo. 160 pages. Price 
21 cents. — This work presupposes no knowledge of Arithmetic. 
It commences with elementary principles, and lays a sure founda- 
tion for what is to follow. From the four fundamental rules it 
proceeds to Fractions. Next come Decimals and their applica- 
tion to Federal Money. 


II. ELEMENTARY ARITHMETIC. 16mo. 347 pages. 
Price 42 cents. — From the Primary the pupil proceeds to the Ele- 
mentary, in which it is aimed to discipline the mind, to develop 
the reasoning powers, and to prepare the pupil for the advanced 
departments of Mathematics. In the author’s treatment of Val- 
gar Fractions, Percentage, and Interest, his new method of find- 
ing the cash balance in Equation of Payments, and his improved 
mode of Extracting the Cube Root, he has certainly made a great 
— on the other Elementary Arithmetics now before the pub- 

ic. 


Ill. PRACTICAL ARITHMETIC. 12mo. 356 pages. 
Price, Cloth, 62 cents, Paper Sides, 50 cents. — This work covers 
nearly the same ground as the Elementary, differing from it prin- 
cipally in presenting a greater number of examples. It may, 
therefore, either follow the Elementary, or be substituted for it. 
No other work offers the scholar such facilities for practice as this, 
no less than 3,926 sums being given. 


KEY TO PRACTICAL ARITHMETIC. 
pages. Cloth. Price 75 cents. 


a 


12mo. 324 











| 


D. APPLETON & C0., 346 & 348 Broadway, New York. 


| more recently discovered Theorem of Sturm. 


IV. HIGHER ARITHMETIC. 12mo. 324 pages. 
Price 75 cents. — This is intended as a finishing book for those 
who would complete a thorough arithmetical course. It embraces 
all the more abstruse parts of the science, and develops its princi- 
ples to a greater extent than is usual with school-books on this 
subject. 


Cloth. 


PERKINS’S ALGEBRAIC SERIES. 


I. ELEMENTS OF ALGEBRA. 12mo. 244 pages. 
Price 75 cents. — Among the peculiar merits of this work, besides 


| its simplicity, are the conciseness of its rules and definitions ; its 


close and logical reasoning, which calls the powers of the learner 
into active exercise ; and the great number and variety of its ex- 
amples, which afford every opportunity for extended practice. 


Il. TREATISE ON ALGEBRA: Embracing, besides the 
elementary principles, all the higher parts usually taught im Col- 
leges ; containing, moreover, the new method of Cubic and higher 
Equations, as well as the development and application of the 
8vo. Sheep. 420 
pages. Price $1.50.— What the Elements are to Common 
Schools, this Treatise is to Academies and Colleges. It will be 
seen, from the title given above, that it is comprehensive and com- 
plete. 


PERKINS’S GEOMETRICAL SERIES. 


I. ELEMENTS OF GEOMETRY, with Practical Applica- 
tions. 12mo. 320 pages. Price $1.00.— In these Elements it is 
aimed to strip Geometry of its difficulties, and render it an attrac- 
tive study. This is effected by giving a practical bearing to every 
thing that is taught. The pupil is not allowed to grope in the 
dark, and ask, “‘ What is the use of these demonstrations?” As 
soon as a principle is explained, it is applied to the practical pur- 
poses of life by means of remarks, suggestions, and questions, 
added in smaller type. This original feature invests Geometry 
with an interest of which its apparently abstract character has 
heretofore deprived it. 


II. PLANE AND SOLID GEOMETRY : to which are 
added, Plane and Spherical Trigonometry and Mensuration, ac- 
companied with all the necessary Logarithmic and Trigonometric 
Tables. Large 8vo. 443 pages. Price $1.50.— This work is 
intended to follow the Elements, and gives an extended course in 
the higher as well as the more rudimental departments of the 
science, adapted for advanced schools and colleges. It is based 
on the admirable work of Vincent, revised by Bourdon, which 
has long been the geometrical standard in the French schools. 
All that is valuable in Vincent has been taken ; but the mathe- 
matical attainments and practical skill of Prof. Perkins are every- 
where exhibited in adapting, modifying, rearranging, and adding. 


PERKINS’S PLANE TRIGONOMETRY, and its applica- 
tion to Mensuration and Land Surveying, accompanied with all the 
necessary Logarithmic and Trigonometric Tables. 8vo. 328 
pages. Sheep. Price $1.50.— This work is remarkable for its 
simplicity, and bears throughout the marks of its practical origin. 
The beginner in the science and the proficient will alike find mat- 
ter of prime value in its pages. The chapters on Land Surveying 
will prove of incalculable assistance to those who intend follow- 
ing this pursuit in life. The necessary Tables are furnished in an 
Appendix. 

















WORCESTER’S QUARTO DICTIONARY. 





PROPOS 


> 


ALS OF 


HICKLING, SWAN AND BREWER, BOSTON, 


FOR PUBLISHING BY SUBSCRIPTION, 


A DICTIONARY OF THE ENGLISH LANGUAGE, 


BY JOSEPH E. WORCESTER, LL. D. 


ONE VOLUME, QUART 


O, LIBRARY EDITION. 





WE propose to publish a library edition of WorcEsTER’s QUARTO 
Dictionary for subscribers. It will be printed on extra fine paper, 
with large margin, a specimen copy of which may be seen at our 
counting-room. 

The work is now rapidly approaching completion, and we hope to 

ublish it in May, 1859. It will be comprised in about eighteen 
Rondeea ages, and will contain a full vocabulary of the words now | 
used in Literature, Art, and Science, together with such local and 
obsolete terms as are likely to be met with in writings that are now 
much read. 

In OnTHOGRAPHY the work will represent the best usage both in 
this country and in England. 

The Pronunciation of all the words will be exhibited by a sys- 
tem of notation which will be easily understood; and with regard to 
words of various, doubtful, or disputed pronunciation, the best 
authorities for the different modes will be given. 

In the department of Erymo.oey this Dictionary will be found to 
be more complete and satisfactory than any other work of the kind, 
giving, in a brief form, the results of the investigations of the best 
writers on this subject. 

The Dertnit1ons will be fully and accurately discriminated, 
distinguished by numbers, and exemplified, whenever practicable, 
by citations from the best authors. In the selection of examples 
the aim has been to take such as should be valuable for the thought 
or sentiment they express, so that this Dictionary will present, in a 
convenient form for reference, a rich collection of the maxims and 
gems of the language. : 

The treatment of SyNonyMEs will form a very valuable feature of 
the work. Very few, even of the best speakers and writers, become 
so thoroughly masters of their native language as never to experi- 
ence embarrassment in discriminating between several expressions 
nearly related. It is to help in overcoming this difficulty that Dr. 
Worcester has prepared, in connection with those words which 
seem most to require it, a notice of the synonymous terms, show- 





ing, at a glance, the distinctions to be observed in choosing among 
them. 

The grammatical forms and inflections of words will be given 
more fully than ever before in any English Dictionary, and brief 
critical notes on the orthography, the pronunciation, the grammat- 
ical form and construction, and on the peculiar technical, local, pro- 
vincial, and American uses of words, will be found scattered 
throughout the volume. 

The InLusrrations by wood-cuts, of which there will be about 
twelve hundred, beautifully executed, will form another novel and 
useful feature of this Dictionary. There are many terms, the ver- 
bal explanation of which, however carefully made, will convey a 
much less correct idea of their meaning than a pictorial representa- 
tion, and accordingly it is proposed to adopt this method of exem- 
plitving the definitions in all such cases as seem to require it. 

Much important and useful matter will be given in the Introduc- 
tion on the — oe subjects: — The Principles of Pronunciation ; 
Orthography ; English Grammar; the Origin, Formation, and Ety- 
mology of the English Language ; Archasms, Provincialisms, and 
Americanisms ; and the History of English a ; with a 
notice of English Orthoepisis, and a Catalogue of Engli ictionaries 
of the various Arts and Sciences, Encyclopedias, &c. 

In an ss will be added Walker’s Key to the Pronunciation 
of Classical and Scripture Proper Names, much enlarged and im- 
proved; a Pronouncing Vocabulary of Modern Geographical Names ; 
a Collection of Phrases and Quotations from Foreign Languages ; Ab- 
breviations used in Writing and Printing, &c. 

The price of the library edition, on extra fine paper, will be $7.50, 
which will be the retail price for the common edition. Persons sub- 
scribing will therefore secure the library edition at the same price 
that they would be obliged to pay for the common edition after its 
publication. , 

Those persons who desire to become subscribers to the work can 
do so by application to the publishers. 





WORCESTER’S SPELLING-BOOK. 





WE ALSO RESPECTFULLY INFORM TEACHERS AND SCHOOL COMMITTEES THAT WE PUBLISH A 


PRONOUNCING SPELLING-BOOK 


OF THE ENGLISH LANGUAGE, 


BY J. E. WORCESTER, LL. D. 


Tne orthography and pronunciation of Dr. Worcester’s Diction- 
aries represent the best usage of the English language. The Spell- 
ing-Book presents the same system, and Teachers throughout the | 
country will welcome its appearance. It is the most accurate, com- 


prehensive, and complete Spelling-Book ever published. Since its | 


publication it has been introduced into use in the Public Schools of 
New York, Boston, Charlestown, Washington, D. C., West Roxbury, 
Thomaston, Waldoboro, Wiscasset, Dedham, Fall River, Newport,&c. 

OG> Copies will be furnished by mail for examination, on the re- 
ceipt of 12 cents in postage stamps. 




















CONTENTS 


OF 


SECOND BOOK IN GEOMETRY. 


Part I. Or GeomMetTrRIcAL REASONING. 
“ II. Tue Appiications or GEOMETRY. 
“ Til. Sevtect Propositions In GEOMETRY. 


PART I, 
Cnarter I. Preliminary. 
II. Definitions. 
III. Nature of Demonstrations, 
IV. Analysis and Synthesis. 
V. Variety of Paths. 
VI. Proofs of the Pythagorean Proposition, and of the necessary Lemmas. 
VII. A Second Proof of the Same. 
VIII. The Maximum of Isoperimetrical Figures, with the necessary Lemmas, 


PART II. 


CuarTer I. Geometrical Constructions ; Instruments, 

II. Postulates. 

III. Straight Lines and Angles, 
IV. Triangles. 
V. Quadrangles. 

VI. Circles. 

VII. Areas. 

VIII. Double Position by Geometry. 

IX. Interpolation and Average. 
X. Surveying. 

XI. Heights and Distances. 


The above Table of Contents will give Teachers and Students a very good idea of 
My. Hixw’s “ Second Book in Geometry,” begun in this number of the Monthly. The 
problems and undemonstrated theorems comprising Part III. instead of being given 
together, will be introduced just as fast as the student has gone over sufficient ground 
to understand them. It will be the aim of the author to furnish an elementary work 
embracing all the essential ideas “On the Study of Geometry,” so ably set forth in 
former numbers of this Journal. We hope teachers will put this book into the hands 
of pupils just commencing the study of Geometry, in order fully to test the question 


whether they can learn to invent demonstrations in Geometry with the same facility as 
they do solutions in Arithmetic and Algebra. We are indebted to Messrs. Hickiina, 
Swan & Brewer for most of the cuts to be used in the volume. 











PHILOSOPHICAL 
INSTRUMENTS AND APPARATUS, 


MANUFACTURED AT 313 WASHINGTON STREET, BOSTON, 
BY E. S. RITCHIE, 


FOR ILLUSTRATING THE SCIENCES OF 


Pneumatics, Electricity, Chemistry, Optics, Hydrostatics, Hydraulics, 
Steam, Magnetics, Acoustics, Mechanics, Astronomy, Mete- 
orology, &c., with over 600 pieces; also, Mathe- 
matical and Engineering Instruments. 


Each article is warranted perfect. In designing the form, simplicity, as well as combina- 
tion of parts in the formation of new Instruments, is carefully studied; and to this end 
only two sizes of screw connections are used. 

Ritchie’s Illustrated Catalogue, which will be sent by mail on application, contains cuts 
of over 200 pieces, including his improved Air Pump, Electrical Machine, Ruhmkorff and At- 
wood Apparatus, &c., the University of Mississippi Electrical Machine, having two six feet 
diameter plates and four pairs of rubbers; also, sets made up to assist purchasers in selecting, 
at prices from $100 to $1,250 per set; and commendatory letters from eminent Physicists 
in various parts of the country who are using his apparatus. 


WILLIAM BOND AND SON, 


¢! CONGRESS STREET, BOSTON, 


Chronometer Makers to the United States Government, 


HAVE FOR SALE 
A Complete Assortment of Marine and Sidereal Chronometers, 
ASTRONOMICAL CLOCKS FOR OBSERVATORIES, 


WITH THE MOST APPROVED DESCRIPTION OF COMPENSATING PENDULUMS. 


They also manufacture the SPRING GOVERNOR APPARATUS, for recording Astronomical 
Observations by the aid of Electro Magnetism, known as the American Method, and adopted 
at the Washington and Cambridge Observatories in the United States, and Greenwich and 
other Observatories in Europe. 


Astronomical Instruments, Transits, Telescopes, &c., 


Of the usual description. Also, those for use at fixed Observatories, of larger dimensions, 
imported to order. 











